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Introduction

The basic objective of this paper isto andyzeindividuds demand for life protection and longevity in
alife-cycle context, under uncertainty concerning the arriva time of death and dternative insurance
options. The dgnificant and continuing increase in Al age-specific life expectancies over the last two
centuries, epecidly in developed countries, provides the main motivation for this study, but equally
chdlenging is the evidence of sysematic and persgting diversity in the life expectancies of different
population groups. A related puzzle has been the widdy diverse estimates of the private ‘vaue of life
saving', based on dterndive regresson estimates of ‘willingnessto pay’ for amargina reductionin
mortdity risks (for arecent survey, see Viscus, 1993). This paper seeks to address and link both of
these diversities through an explicit life-cycle mode of the demand for life expectancy and the vaue of
life sving.

The modd combines dements of the analysis of optima insurance and self-protection in Ehrlich and
Becker (1972) (henceforth EB), and the life-cycle modd of consumption and bequest choices under
uncertain lifetimein Yaari (1965). The mode treets the risk of mortaity as an object of choiceina
gtochadtic, dynamic setting in which individuas determine their consumption, life protection, and bequest
plans a any given age, subject to surviva to that age. The demand for longevity isthus identified as that
for reducing the risks of mortdity and morbidity over the life cycle, i.e, for lifetime * sdf-protection’ in
the EB terminology. The mechanism for self-protection involves health promotion activities and related
life-style and occupationd choices, which lower mortdity and morbidity risks over the life cycle.

In this setting, the existence of complete markets for insurance (actuaria notes) can be utilized by
individuasto insure separatdy againg "living too long", by purchasing guaranteed annuities, and "living
too short”, by purchasing conventiond life insurance. Ordinary savings condtitute an dternative means
of sdf-insurance againgt both hazards, but Snce such savings are inherently trandferable to survivors
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(unlike annuities), they insure the two hazards jointly rather than separatdly. The andys's concerns the
interaction between saf- protection and all three insurance options over the life cycle.

This framework produces atheory of the demand for life expectancy under uncertainty, which
complements the life-cycle modd of the demand for life extenson under certainty in Ehrlich and Chuma
(1987, 1990). Asinthe earlier work, the andysis focuses on both the demand for life protection and a
"dud" variable associated with it -- the shadow price of the probability of survival, better known asthe
‘vaue of life saving' in the extengve literature spawned by Schelling (1968) and Mishan (1971). The
shadow-price function sheds new light on the determinants of the vaue of life protection, and hence the
demand for it. Under actuaridly fair insurance terms and some simplifying assumptions, the andysis
yields a closed-form solution for the value-of-life-saving function that can be implemented empiricaly
through calibrated smulations or econometric analyss. The solution incorporates as a gpecia case the
net discounted value of future labor income, which served as a conventiond “value of life” measurein
the early literature on human capitd.

The paper generdizes previous andyses of the private value of life saving by Thaler and Rosen
(1975), Conley (1976), Shepard and Zeckhauser (1984), and Rosen (1988). Unlike these previous
contributions, most of which were developed under static conditions, the present analysisis pursued in a
dynamic, stochadtic setting, which adlows for continuous revisions of optima consumption and bequest
plans dong with saf-protection choices over the life cycle. By modding conditionad mortdity risks as
outcomes of sdf-protection and its interaction with market insurance options, the model exploresthe
impact of insurance on life protection. It aso exposes the rdative impact of human versus non-human
wesdlth, and of life insurance versus annuities, on life expectancy and the vaue of life saving.

The andydis shows that both life expectancy and the implicit vaue people place on saying dive vary

systematicaly with identifiable parameters. These include endowed wedlth, "naturd” mortality risks,



age, earning capacity, the rates of interest and time preference for consumption, medica technology and
costs, relative bequest preferences, and dternative market (or socid) insurance options. When
complete markets for actuaria notes are available, these same parameters determine the consumption
path and bequest as distinct choice variables, and hence, indirectly, optimd life insurance and annuities.
These two types of insurance are shown, in turn, to have opposing effects on optimd life protection.
The andyds assumes for the most part thet insurance terms, if available, are actuaridly fair, fully
reflecting individua mortdity risks, but it dso considers cases (especidly in sections 2 and 5) in which
insurance terms are actuaridly unfar or prohibitively high.

The modd thus rationaizes, within predictable bounds, both the trends and the apparent sizeable
diversity in life expectancies across different population groups and countries in different stages of
development. Moreover, it provides a theoretica foundation for retiondizing the gpparent huge diversity
in empirica estimates of vaues of life savings, based on the *willingnessto pay’ gpproach. A summary
of the modd’ s main inferences concerning the interaction between insurance, life protection, and the
vaue of life saving, aswell astherole of dterndtive insurance optionsin affecting life expectancy and

related life-time choices, is given section 7.

1. Basic Framework

Unlike models of the demand for hedth and longevity where the time of degth is trested as known
with certainty, this paper recognizes mortaity, and the attendant incidence of morbidity or injury, as
gochadtic, thus possbly imminent events. The incidence of these eventsis dictated largely by biologica
or environmenta factors. The mode’ s basic assumption, however, isthat it can dso be controlled on
the margin through hedth-and safety-enhancing efforts. Choosing an optima amount of the latter can be

referred to as the protection problem.



Theinsurance problem associated with uncertain life spansis twofold: it concerns coverage of
uncertain consumption needs associated with living too long (“old age insurance’) or living too short
(survivors benefits, or "lifeinsurance”). Depending upon the existence of insurance markets and bequest
motives, these hazards can be controlled jointly through ordinary savings, or separately through the
purchase of actuarid annuities and amix of conventiond life insurance and ordinary savings.

The incidence of mortdity is modeled as a continuous Poisson process. By this process, the

probability of surviva between any two periods aand b is expressed by the exponentid distribution law:

b
\

p(a,b) = exp(- m(a, b)), where m(a, b) = Q f(t)dt,

and f(t) represents the conditiona probability dengity of the occurrence of dearth at t, given survivd to
that date. The basic assumption isthat the arriva frequency of deeth or "force of mortaity”, f(t) (see
Borch, 1978), can be controlled viaaflow of sdf-protective devices I(t) asfollows:.

(L.D) f@®) =j(@) - 1(t) > 0, withI(t) = I(m(t), M(t); E(t).0).

In equation (1.1) j(t) > 0 stands for the “endowed” conditiona density of mortdity, as determined by

naturd or biologicd factors. Itsrate of change is assumed to be postive a al pointsin time, or ]) e
dj(t)/dt > O.

By equation (1.1) the conditiona probability of surviva through a specific age, while being a
decreasing function of age, is dso controllable through self-protective services, |(t), identified as the
difference between the biological and actual mortality risks, [j(t)-f(t)]." These services are produced
through inputs of time, m(t), market goods, M(t) (having a unit price P), and efficiency parameters such
as education, E(t), or age, t.

The production function is assumed to be subject to diminishing returnsto scale in view of the

congtancy of the human body. This assumption, dong with the concavity of the utility and hedthy-time



function (see equations 1.2 and 2.2 below), guarantees that the mode has interior dynamic solutions (cf.
Ehrlich and Chuma, 1990). It aso impliesthat life protection activity is subject to increasng margina
codts. A generd specification of the cost function is thus given by C(1(t)) = c(t)I(t)?, wherea>1 and
c(t)=c(w(t), P(t), E'(t),t), wherewe W(E')/E’, the observed wage rate per unit of human capita,
indicates the opportunity cogt of efficiency time. The andysis assumes, for smplicity, that a = 2, and
that al prices and other efficiency indicators remain constant over the life cycle. The presumed congtant
“price’ of efficiency time, w, isjudtifiable on the assumption that human capita accumulation over the
life cycle has a“neutrd effect” on both the observed persond wage rate and the person’ s efficiency in
hedlth production. The life protection cost function thus becomes C(1(t)) = cl(t)°.

Although mortdity and morbidity risks can, in principle, be separately controlled, they are viewed in
the firgt part of the paper as monotonically related. The force of mortdity may thus serve as a genera
index of hedth. Since morbidity or injury typicaly diminish the time available for productive purposes,
“hedlthy time” is expressed as a decreasing and concave function of f(t):

(1.2) h(t) =h(f(t), b), withh'() <0 and h"() <0,

where b represents technologica innovations that decrease the amount of sick time associated with
episodes of morbidity. Hedlthy time and sick time together exhaugt the instantaneous time constraint
implidt in the andyss, W. For convenience, consumption activity Z(t) is assumed to be produced via
inputs of time and market goods a constant unit cosis.

Given the uncertain progpect of mortaity, there is a distinction between the actud (ex-post) arrival

time of death, which is astochastic variable, D, and the ex-ante planning horizon, which isa
determinate one, D £ ¥. The amplest assumption would be that D isinfinite. The lifetime optimization
problem can be smplified andyticaly, however, by recognizing that beyond a certain finite planning

horizon, D, individuas choices would become invariant to the planning horizon's length, essentidly



becauise of the intensifying force of mortality. > The relevant expected lifetime utility functions are stated

in equation (2.2) and (4.4) below. In these equations E stands for the expectation operator concerning

the stochadtic length of life, D, r denotesthe subjective discount rate, and the instantaneous utility
function U is assumed to be concave.
Because of the complexity of the full-fledged protection and insurance problem, we andyzeit in

dsages. Sdf-protection isfirst consdered without any insurance options or a bequest motive (section 2).

Next, an annuities market is introduced (section 3) in which the unit cost of insuranceis generaly
assumed to be actuaridly fair a the individua level. The didtinct role of bequest and life insurance
versus annuitiesis then explored in the more generd case of sections 4. In section 5, the actuaridly fair
insurance assumption is relaxed, and a comparison is made between optima life-protection choices with
and without complete markets for annuities and life insurance. Table 1 in the gppendix presents a

glossary of the modd's key variables.

2. Self-protection in the Absence of Insurance Markets

To derive basic ingghts into the protection problem, it is assumed, firgt, that no organized insurance
markets are available, and there is no digtinct bequest motive. Apart from the ability to engage in sdf-
protection, a person can aso self-insure againgt financid hazards semming from an uncertain lifetime by
accumulating ordinary savings. Since accumulated savings are transferable to survivors, their stock at
timet, A(t), represents a potentid “ accidental bequest” level in this case.

The ingantaneous wedlth condraint limiting protection and consumption choices is given by
(2.1 ,OA(t) = rA(t) + wh(f(t)) - cl(t) - Z(t)

0
where A(t) © dA(t)/dt represents the rate of change of accumulated assets at t, or current savings, asa



resdua of income net of consumption and self-protection cogts. The parameters r and w denote the
constant rate of interest and wage rate, respectively, h(t) represents hedthy labor time, and the full price
of consumption is chosen as a numeraire (P> =1). Note that wh(t)-cl?(t) represents potentia |abor
income (as a function of tota hedlthy time), net of life-protection costs, including the opportunity cost of
time spent on hedth maintenance.

The wedlth congtraint must be further restricted, however, by the requirement that A(t) 3 Ofor dl tin
[0,D]. Thisis because without a market for insurance, the inditutiona framework of the capita market
makes it virtudly impossible for a person to die with a negative net worth (cf. Yaari, 1965). To avoid
any discontinuities in the state and co-date variables of the modd, which arise whenever A(t) assumes
its boundary value, the optimization analysisis pursued only for the case where A(t) > O in dl periods of
life

Absent a bequest motive, the optimd life protection and consumption plan must saisfy the

maximized (sefish) expected lifetime utility function:
(22) 3(At). ;@) =Max,,, E{ ¢y expl- T (s- DIU(Z(9), h(f ())d},

where E stands for the expected utility operator. Expected utility is maximized subject to congraints
(1.2), (2.2), A(t) > O, thetermina conditions A(D) > 0 and JA(D),D;a) =0, and the vector of
exogenous parametersa © w,E',Pr rj. Applying the stochastic dynamic programming approach (see,
e.g., Judd, 1998), the optimal solution, {Z'(t),! (t)}, is determined by the Hamilton-Bellman-Jacobi
condition:

(2.3) -3 =-(r +f)I+UZ, h(f))+d[rA + wh(f)- cl > Z]

where J © XA(t),t:a)/ft, and Z and I stisfy the optimality conditions

(2.4) Uz(Z h(f)) =



(2.5) 2cl'= Y+ [wW + (LI)UZ hENI-R(E)] © Vo .

2.a. The dynamic paths of protective outlays and consumption

Equation (2.5) expresses the equilibrium condition for optimal self-protection. > The L.H.S.
represents the margind cost of reducing the force of mortaity, and the R.H.S. the shadow price of that
reduction, or the vaue of sdf-protection. In thisformulation, however, the full value of sdlf-protection
is comprised of two distinct components. The firgt is the value of the remaining life span (JJa), which
may be cdled ‘the value of life protection, or life saving’, using Schelling's terminology. The second
represents ‘the vaue of hedth saving', i.e, that of the added amount of hedlthy time arising from the
margind increase in self-protection. The second component emerges if salf-protective endeavors are
assumed to effect areduction in both mortdity and morbidity risks, and hence a decrease in the
opportunity costs of ill hedlth.

From equation (2.5) it can further be shown that if the utility function is separable in consumption and
hedthy time, the dynamic path of saif-protective expenditures, and hence the proportiondly related

vaue of life protection, would be given by
(2.6) IO*(t) = @/D{[d(I/I)/at+U, /I )-h)(r-r- f*(1)]
0 0
Slw+ Uy FI DR+ U 130T = v ()
where DO 2¢ - [wHUn/dW)JH™-(Unsd)(H)?> 0, and X © dX/dt for any variable, X..
The path of hedth investment thus depends on two competing influences. (1) therate of "aging”, or the
biologicd rate of increasein the probability of morbidity i(t) , Which produces a positive impetus for

investment, as the margind utility from faling hedlthy time rises with age; (2) the change in the vaue of

reducing mortality and morbidity risk d(JJa)/dt + (Un/Ja)(-h')(r-r -f (t)), which produces a mixed



impetus. while the second term in this expression is pogtive, because of the incentive to defer all
consumer spending (see below), the first term isindeterminate (unlessf becomes sufficiently large with
age) except a the lagt phase of the planning horizon where the change in the vaue of the remaining life
span d(JJa)/dt becomes negative, since the vaue function itsdf gpproachesits termina vaue JD) = 0.
Conceivably, the second term in (2) may dominate the first, except a the most advanced stages of the
planning horizon.

The analysis indicates the way the vaue of life and hedth protection changes over the life cycle.
Although under uncertainty, death or injury may be imminent rather than distant future prospects, the
vaue of life and hedlth protection is seen to be risng over agood part of the life cycle because aging
raises the benefits from protection except in late phases of the planning horizon. Private expenditure on
hedlth and life protection may thus be rising even during the last phase of the actual life gpan of most
persons, as available data generdly show. The reason isthat the actua time of desth must generdly
occur prior to the end point of the planning horizon, where the vaue of hedlth protection becomes
minima and the vaue life protection is zero.

The consumption path is Smilarly derived from equation (2.4):

(27)2(t) = - U, () /U 1(r-r- £*(1) - [Ug (1)U, @O0 (f* (1) ().

Clearly, if utility were separable in consumption and hedthy time (Uzn(t) = 0), equation (2.7) would
resffirm the well known result that in aworld without insurance, consumption would continualy rise over
the life cycle only if the market discount rate exceeded both the subjective discount rate and the
conditiond risk of death (see Yaari 1965). An exogenous reduction in f will then increase the incentive
to provide for future consumption. Thisresult has an interesting interpretation in terms of the incentive to
"sdf-insure” the consumption needs associated with “living too long'. A reduction in mortdity risk
implies a higher probability of surviva to old age. It therefore increases the incentive to secure old-age
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needs, asis generdly the effect of an increased probability of a hazard on the incentive to sdf-insure
agang it (see EB, 1972). Asin the case under certainty (see Ehrlich and Chuma, 1990), however,
equation (2.7) further impliesthat if consumption and hedthy time are complementary goods (Uzn(t) >
0), then consumption ismore likely to fal at old age, sSince hedthy time decreases due to the risng risk

of morbidity.

2.B. Comparative Statics Predictions

Behaviora predictions are derived here under two conditions: (1) the state variable A(t) istaken to
be predetermined, given survivd to timet,; and (2) the direction of change in the maximized expected
utility Jand in the expected margind utility of wedth Ja caused by any parameter change are assumed a
priori. The second assumption isinvoked to facilitate an otherwise intractable analys's of comparative
dynamics, because equation (2.5) does not have an explicit solution. The resulting comparative-gatic
predictions are summarized in Table 2.*

It isinteresting to note that these behaviora predictions corroborate anal ogous predictions derived
under conditions of certainty concerning the timing of death (see Ehrlich and Chuma, 1990, Table 3).
Thusanincreasein a = A(t), w, E', or b isassumed to lead to an increase in life-time wedlth
(consequently, Jaa < 0), and hence in the demand for, and vaue of, life protection (provided a partia
increase in the market wage rate by itsdlf, with no change in human capital, does not raise significantly
the full unit cost of life protection or consumption). Anincreeseina =P orr, by contrat, is expected
to lead to the opposite changes. Anincreasein therate of interest, r, will here lead to unambiguous
increases in the demand for sdf-protection and consumption as long as the individud is anet saver,

since it would then generate an increase in life-time weal th without affecting the cost of hedlth protection.
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An increase in time preference, in contrast, decreases the incentive to postpone consumption
(sdf-insure) aswell the demand for sdf-protection.

The ambiguous impact of an exogenous increase in the biologica risk of mortdity and morbidity, j,
on sdf-protection, is the result of possibly opposing effects. The ambiguity stems, in part, from the
unknown impact of higher risk levels on productivity at self-protection. Anincreasein theserisksaso
has an adverse effect on wedlth, which lowers the vaue of life saving, but it dso raises the margina
benefit from a unit of hedthy time. To the extent that the increase in | representsjust anincrease in
mortality risk, however, it may reduce the demand for sdf-protection and its value, aswell asthe
incentive to sdf-insure future consumption through savings.

The comparative-statics predictions concerning the demand for salf-protection I (t) apply equally

well to the demand for life expectancy, which is defined by

T ()= 6exp [- m(t,u)] f (u)(u- t)du, wherem(t,u)° 6 f(s)ds,

and exp[-m(t,u)]f(u) isthe probability that a person of aget will dieat ageu. The andydsthusyiddsa
et of indirect, age-specific demand functions for life expectancy, T , salf-protection, | (or hedlth h(f)),
consumption, Z', and value of life saving, Vv o, of the following specification:

(2.8) F(@)=X(t, A®t), P,E,w,j,r,r,b), whereX standsfor T, 1", Z,and v o.

The properties of this set of functions are listed in Table 2.°

3. AddingaMarket for Annuities

The opportunity set underlying life protection decisions changes markedly when we alow for
transactions in actuarid notes between individuas and insurance companies. Such atransaction takes
place, for example, if a person buys an annuity that stipulates that the owner receive a certain interest
income from the company aslong as she lives, and a arate higher than the market rate of interest for
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regular notes, but nothing if she dies. The converse transaction -- selling an actuarid note -- is
equivaent to permitting a person to borrow againg his potentid life-time earnings, but freeing his estate
from any obligation in the event of his death. Like ordinary savings, annuities support the desired path
of old-age consumption as long as aperson is dive. The unique “insurance’ offered by annuitiesis
avoidance of assats left as accidental bequest, for which the insured is compensated in the form of an
extrareturn for life over ordinary assets.

In the absence of any bequest motive, market insurance through annuities will dominate
sf-insurance through conventiona savings since the return is higher on the former while the opportunity
costs are the same for both (see Yaari, 1965). In this case, dl savings, and obvioudy any borrowing
againg future labor income, would be exclusively through actuaria notes.

If such insurance transactions can be effected at actuaridly fair terms, a person will be able to
borrow his expected future net labor income or lend his accumulated savingsin period t a equd terms,
(r+f(t)), representing the sum of the return on regular notes plus an interest premium equal to the force of

mortdity. The effective net worth at period t thus becomes
A (t) = exp(rt+m(0,1)) { A (0) + ép<p(- ru- m(0, u))[wh(u) - ¢l *(u) - Z(u)]du},

U
\

where m(0, u) = Q f (s)ds, so the instantaneous wedlth constraint must be restated as

(3.1) Aoi () = (r + f(t)) Au(t) + wh(f(t))- cl(t)*- Z(t).

The rlevant optimad vaue function, in turn, becomes

(3.2) I, (A, (t).t; @) = Max, | E{(‘QD exp(- r (s- YU(Z(s), h(f(s)))ds},
subject to (1.1), (3.1), J(A1(D),D;a) =0, and Ax(D) > O.

The basic modifications in previous results concern the optimaity conditions for sdf-protection and

12



consumption. The one for sdf-protection becomes
(2.58) 2cl” = [/ - Ad + [W + (UJa)Un®][-h'(F)] © vi .
Equation (2.58) implies that the shadow price of therisk of surviva, or vaue of life saving, is now
dependent, in part, on whether the individua is a net borrower or anet lender of assets (cf. Conley,
1976). Theraiondeistha since an investment in sdf-protection by the investor reduces the risk
premium, and thus the rate of return on lending, the investor will redize a capitd 1oss in the amount of
the accumulated assets. It would gppear that this factor would induce a shift in the optimal timing of
investment in saf-protection towards periods in which the investor is anet borrower of funds. This
conclusion would be valid, however, only for a"compensated” change in borrowing status that does not
affect expected wedth. Indeed, the comparative Satics andysis of the effect of wedth gpplicable to this
section (see below), aswell as the explicit solution for the optima vaue function J(t) in the fallowing
section, demondrate that alarger net assets position dways increases the value of life saving

The time path of sdf-protection under the annuities option remains much the same as the one derived
in the preceding section, with the exception that self-protection activity is expected to rise more steeply

with age® Asfor the optimal path of consumption, equation (2.7) becomes

(27)Z(®) = - [U, O /U 10 - 1)- U () /U IR (F* @) % ).
This path is smilar in shape to the one derived under conditions of certainty (see, eg., Ehrlich and
Chuma (1990), eg. 19). Actuaridly far insurance effectivdy diminates the influence of the risk-
discount factor for uncertain future we have encountered in equation (2.7). It increases the motivation to
delay consumption, i.e., provide insurance againg "living too long", essentidly because the discount
factor for uncertain surviva is fully compensated for by an equd increase in the rate of return on annuity
savingswhile being dive.

This conclusion would change, of course, if market insurance were actuaridly unfair at the individua
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level because of transaction or monitoring costs. Such cogts require in principle that opposite loading
terms be charged on borrowing and saving transactions, and a dynamic program concerning optimal
consumption and life protection decisions must then be derived conditionaly for cases in which aperson
isdrictly anet saver or borrower. Since a positive loading, g, reduces the return on annuitiestor +
f(t)(1-q), some discounting for the risk of mortaity would gtill be present in equation (2.7a), lowering
the dope of the optima consumption path, asisthe case in equation (2.7). No other modifications
apply in the preceding andysis except for the recognition that a positive loading factor would now play a
role smilar to that of areduced market interest rate (for net savers) in Table 2. The loading factor will
lower the incentive for life protection, as is generaly the effect of insurance loading on sdlf-protection
(see EB, 1972).

The availability of amarket for actuarial notes does not dter, however, the qualitative comparative-
datics predictions of section 2B essentially because these have been conditiona on aredized magnitude
of current wedlth. This conclusion is easily shown to gpply to the effects of a change in current wedth as
well. Table 2 thus generdly appliesto this section aswell.

The existence of a market for actuarial notes, however, does exert an independent influence on the
vaue of life saving, asis gpparent from a comparison of the first components of equations (2.5) and
(2.54), representing the willingness to pay for amargind reduction just in therisk of mortaity. The
direction of that influence, seemingly ambiguous at this point, will be clarified in section 5 below,

following our more generd andysis of the issue in the next two sections.

4. The Mode with Complete Insurance Markets and Bequest Preferences
The market for actuarid notes creates opportunities to insure separately the financid hazards

associated with "living too long" and "living too short”. A postive demand for life insurance requires,
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however, the existence of abegquest motive or atruism toward dependents.

Asin the preceding case of insurance againg living too long, insuring dependents againg the
consequences of one's premature death can be achieved through either market insurance (i.e.,
conventiond life insurance) or sdf-insurance through ordinary savings, which are inherently transferable
to survivors. In this context, however, neither form of insurance dominates the other. Indeed, both are
subject to identical opportunity costs on the margin, since life insurance policies are purchased
implicitly by sdlling an actuarid note and buying instead the right to aregular saving note (see Y aai,
1965). Thus, the mix of life insurance and regular savingsisin principle indeterminate. The critica
individua choice concernsthe sum of the two, i.e., the optima amount of bequest or "totd life
insurance”.

To fadilitate the derivation of an anaytica solution for this generd, but more complex casg, it is
necessary to introduce some simplifications outlined below. The solution generdizes earlier

specifications of the comparably defined "vaue of life saving".”

4.A. Introducing Bequest

Sdf-protection is assumed to affect exclusively mortdity risk. The impact of protection on morbidity
risk, hence current earnings or utility, isthusignored. Although designed to smplify the andlysis, this
assumption isin line with the literature on the vaue of life saving, which has generdly ignored morbidity
risks. The andysis of section 3 is generdized in an important way, however, by incorporating in the
objective function a utility-of-bequest function, V(B,t) with the following properties:
(4.1) V(O) £0; Ve(B,t) >0, Ves(B,) <0, B3 0,
where B stands for the amount of bequest.

Under actuaridly fair pricing of persona annuities and life insurance, the force of mortdity (f(t))
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represents the unit opportunity cost of regular saving and life insurance (hence bequest) aswell asthe

unit premium on annuities. The ingtantaneous wedlth congiraint becomes

(4.2) A= ()AL +wht) - i) - Z() - FOB(),

where A: represents here the sum of accumulated ordinary savings and annuities, or financial wedth,
subject to the regtriction that a person cannot reach the end point of the planning horizon with negative
financia wedlth, or A1(D) 3 0, by theinditutiona congtraints on actuarid notes. These condraints also
restrict bequest not to exceed the person’ s total wedlth, i.e.,

(4.3) OEB() £ As(t) +L(H)2 O,

where L(t) denotes the discounted value of potentia net life-time earnings stream, or human wedlth.®
They further require that total wedth cannot be negative, as borrowing cannot exceed human wedth.

The maximized expected utility function in this formulation is given by

(4.4) J,(A (), ;@) = Max, 4, E{Sap{- r (s- U (Z(s) ds +exp[- r (D- t)V(B(D), 1)},

subject to equations (4.2) and (4.3). Again, by the stochastic dynamic optimization gpproach, the
optima solution must sisfy
(4.5) -Ju= - r & + U2 )+da[(r+H)Ar+ wh-c(I')* - Z - fB7]
+ V(B 1) - 4],
subject to the boundary conditions J(A:(D),D;a) = V(B'(D),D) = V(A1(D),D) and A:(D) 3 0. The
optimal control variables|”, Z', and B” are then solved from
(4.6) 2cl” = (Uda)[h(Ar() ta)- V(B)] +B™- A1 © i (1)
(4.7) UzZ) = da
(48) B = 0ifda>V'(B)

e (0, Ai(t)+L (1), if ha=V'(B)
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AD)+L(D), if i <V'(B).

A corner solution for optimal bequest, and hence for totd lifeinsurance, is obtained where the
margind vaue of bequest ether falls short of or exceeds the expected margina utility of wedlth over the
remaining life gpan. A no-bequest, thus no-life-insurance solution, is more likely, of course, if concern
for dependentsis small, as may be the case for unrdated individuas. But in this case, the existence of
the salf-protection aternative will be shown to increase the person’s demand for it. Aninterior solution
for bequest and life insurance is the more representative case, however, and the following anaysis

focuses on this case and its behaviord implications.

4.B. Explicit Solutions

To obtain an explicit solution for the maximized life-time expected utility function J, in equation (4.5)
the ingtantaneous utility of consumption function is specidized to exhibit ‘ congtant relative risk averson,
(4.9 U(2) = (UK)Z",
where k < 1 to assure concavity, and d = (1-k) denotes the degree of relative risk averson. The utility
of bequest function issmilarly specidized as
(4.10) V(B,t) = [n(t)/K]B,
with n(t) representing the intengity of utility derived by the individua from capitd to be bequeathed to
heirs (see Richard (1977)). Finaly, the optimal consumption and bequest choices are now taken to be
conditiona on a predetermined path of optimal self-protection outlays.

These smplifications permit an explicit solution for the partid differential equation (4.5). Consder the
following indirect expected utility function
(412) Z(Ax(t)ta) = [at)KI[ALD +LOI,

asasolution candidate. Using the optimdity conditions for consumption and bequest under fair
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insurance, (4.7) and (4.8), the utility functions specified in equations (4.9) and (4.10), and the boundary
conditions associated with equation (4.5), by which aD) = n(D), one can verify that (4.11) doesindeed
provide a unique solution for the optima vaue function, with the margina expected utility of a unit of

wedlth while oneis dive, at), given by

D
\

(4.12) [a()]"*= exp{- G x(udu} [n(D)]"™* + & y(u) exp{- Gx(dgdu,
where x(u) © f(u) + [(r -rk)/(1-K)], and y(u) © 1+(u)[n(u)] ™.

Equations (4.11) and (4.12) provide the explicit solution for the indirect expected utility of the
remaining life span we have sought. It thus becomes possible to derive explicit solutions for the optimd
consumption, bequest, and the value-of-life-saving functions as well. The latter variable is the shadow
price of amargina reduction in mortality risk, vi , as defined in equation (4.6):

vi (1) = [Tu(Ar).ta)F @1 da(As®) ta), or
(4.63) i (t) = [R(Ax(D).t:a)-V(B (1),D])/da(As() ta) + B (D) - Axt).

Equation (4.6a) summarizes, in vaue terms, the three basic outcomes of amargind reduction in
mortality risk in the presence of complete and actuaridly fair insurance markets (1) anincreasein
persond welfare by the extent of the difference between the utility from living and dying, °
(U3a)[1(A1)-V(B)]; (2) a reduction in the tota return on investment in actuarial notes, if the individudl
isanet saver, dueto thefdl in the risk premium paid on such notes, -A1; and (3) areduction in the
opportunity cost of bequest (whether in the form of life insurance or regular saving) due to the fdl in the
insurance premium (+B). A more useful summary of the net effect of these outcomesis obtained by
substituting equations (4.8) through (4.11) directly in equation (4.6a) to produce a closed-form solution
for the vaue of life saving function we have sought:

(4.13) w1 (1) = Z(O)[Ax(t) + L(D)] - Ax(t)
where z(t) = [n(t)/a®] ™ + (UK){ 1-[n(ty/a®] “} .
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Equation (4.13) represents an explicit solution for the private vaue of life saving as a function of
persond and market-dictated parameters. This solution takes as given optimal self-protection outlays,
athough eguation (4.6) implies that these outlays, in turn, are determined by the optima vadue of lifein
equation (4.13). It is possible, however, to relax the assumption that optima salf-protection outlays are
given, and proceed with a Smultaneous solution of equations (4.6) and (4.13) through smulation
andyses. Ehrlich and Yin (1999) pursue such smulations, which confirm the vaidity of the closed-form
solutions for the vaue of life savinOg in equation (4.13), aswell asfor al the other control variables of
the modd summarized bdow.

The explicit solutions for optima consumption and bequest are smilarly obtained by exploiting
equations (4.7), (4.8), and (4.11) asfollows:

(4.78) Z (t) = [Va®)] “[As) + L(B)], and

(4.88) B'() = [n(ty/a®] ““[Ax(t) + L(O)].

These solutions specify both consumption and bequest to be gtrictly proportiona to current expected
wedlth at any point intime. Furthermore, by inserting the explicit solution for bequest in equation (4.8a),
the dosed-form solution for the optimal vaue of life saving can be rewritten as

(4.138) v 1(t) = (VKL (O)+[(1-K)/K][A1(D)-B ()]

Theterm Ax(t)-B'(t)° Q(t) represents the amount of actuarid notes owned by the individual. This
dternative measure of the vaue of life saving has the further merit of being esimable empiricaly using
available dataon individua human wedlth, the net amount of actuaria notes, and independent

assessments of the coefficient of relative risk averson d=(1-k).

4.C. Behaviora Propositions

Certain regtrictions apply to the parameters of the demand and vaue functions just introduced. As
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long aslife insurance and annities are available a actuaridly fair terms, the magnitude of z(t) in equation
(4.13) will necessarily exceed unity in dl periods of life. Indeed, by combining the implicit stability and
optimality conditions, which require that the utility from living exceed that from dying (see footnote 9)
and that the margind utilities of consumption and bequest be equa at any period of life, itiseasy to
show that **
(414) B £ ArtL and(Wa)£1 ifOEk<1 ;

B'> A+ L and(n/a) > 1ifk<O0.
But the wedlth constraint (4.3) restricts Z (t) and B’ (t) in equations (4.7a) and (4.8a) to be strictly less
than A1(t) + L(t) indl periods of life. Therefore only avaue of O £ k < 1 is permissble under fair
insurance.

Put differently, a stable solution under actuaridly fair market insurance redtricts both the totd and the
margind utility from adollar of own wedlth not to fall short of that from bequesthed wedlth, or [a(t)/K] 3
[n(t)/k] and a(t) 3 n(t), a al time periods. ** Thefirgt restriction aone guaranteesthat z(t) 3 1, i.e,, that
the value of life saving, vi (t), remain non-negativein &l periods of life, regardless of the magnitude of
human wedth, L(t). A negative vaue of life would be incongstent with a stable equilibrium because it
would generate an incentive to engage in "'negative sdlf-protection”, i.e., precipitate an increase in the
risk of mortdity, which aso rules out as optima any positive expenditures on sdf-protection in earlier
periods of life.

Thereisaclear link, according to equation (4.13), between the relative bequest preference and the
vaue of lifesaving. In the rare case where a dollar bequeethed yields the same uitility as adollar
enjoyed while dive, or [n(t)/k] = [at)/K] (the "infinitely lived household" case), optima bequest will
exhaugt the individud's wedlth congtraint, and the vaue of life will just equa the discounted value of

expected future labor income, L(t), which had served as a conventional measure of vaue of lifein the
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early literature on human capita (see Dublin and Lotka (1946)). The intuitive reason isthat in this case
aperson derives equd satisfaction from a given amount of financia wedth, whether directly or
vicarioudy through survivors, but forgoes the benefits of expected future labor income in the event of
degth.

The andysisis consggtent with Conley's (1976) proposition that the vaue of life saving exceeds
one's expected human wedlth. 1t shows this to be the case under actuaridly fair insurance even when
individuas have a strong bequest motive, provided they are net savers, or Ai(t) > 0 (but seefn.12). If a
person is anet borrower (A(t) < 0), however, the optimized value of life is seen to approach one's
expected net labor income (from above) as borrowing approaches its upper bound Aa(t) = - L(t),
regardless of bequest preferences. In contradt, the andysis shows that in periods where the reltive
bequest preference n(t)/at) is negligible, the value of life may exceed the sum of both human and non-
human wedth if the degree of rdaive risk averson in equation (4.9) is sufficiently high, or (1/2) <d <

1. Formdly

(4.15) w(t) = L(t), if nit)/at) =1

= ZO[AL()+L()]-A1L> L(1), if nt)/at)<land As(t)3 O

» L(t), if n{t)/at)<1 and As(t) »-L(t)

= (VK)[LW+21-k)A»(u)], if nu)/a(u) » 0.
The private vaue-of-life measure a la Scheling is thus linked parametricaly with more traditiond
measures based on the assessment of human and non-human wedlth. The specific link is shown to
depend largdly, however, on rdative bequest preferences, the availability and actuarid fairness of the
insurance terms, and the status of the individua as anet lender or borrower.

The vaue-of-life-saving measure given in equation (4.13) is expected to vary sysemdticdly over the
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life cycle as afunction of persona characteristics and market opportunities™ In genera, persons with
relatively high bequest preferences (/a) will have alower vaue of z(t), and hence of life saving.
Asauming that z(t) does not vary considerably with age, equation (4.13) dso implies that one's value of
life would generdly be rising with (especidly young) age, as long as the accumulation of non-human
asets (or the settling of past debts) rises sufficiently faster than the eventua decline in the vaue of
human wedth due to the contracting life expectancy, but it must ultimately fal a a sufficiently old age.
Indeed, the boundary conditions in equation (4.5) imply that as one reaches the find phase of the
planning (but not necessarily actud) horizon, n(D) = a(D) in equations (4.10) and (4.11), and thus the
'value of life' becomesnil (v (D) = L(D) = 0).

Asinthe andyss of section 3, agrester endowment of non-human capita is shown to increase the
vaue of life saving unambiguoudy (aslong as (n/a) < 1) because it generates a sufficiently large increase
in the value of the remaining life gpan to more than offset the fal in annuity income (if A1(t)> 0), or the
reduction in debt service gains (if Ax(t) < 0), because of the decline in the risk-premium yield on
actuaria notes. Anincreasein human capital (L), in contrast, is expected to cause an even lar ger
increase in one's vauation of life, technicaly because the increase in wedth and utility it generatesis not
offset by any change in the capita loss component of equation (4.13).

Theintuition behind this result is sraightforward: Non-human capitd survivesits owner, while human
capital does not. Given the opportunity to purchase actuarial notes, one can surrender one's
accumulated non-human assets to an insurance company in return for an added annuity premium,
proportiona to one's conditiona risk of mortaity, which reflects the undisturbed market vaue of the
surrendered assets in the event of the origind owner's death. No such option is available to the owner
of human capitd snce the market value of the latter is conditiona on the future earnings it generates.

The only way to buy an actuarid note with human capitd is by sdling an actuarid note drawn againg it.
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Thisiswhy areduction in mortality causes, in part, acapitd loss to the owner of a non-human asset, but
it generates again to the owner of ahuman asset. Put differently, the only way to redize the market
vaue of the latter asset is by protecting longevity. The existence of a market for actuarid notes, which
edtablishes the (uncertain) market value of human capitd, dso establishesits greater importance reldive
to non-human wedth as a determinant of the private vaue of life protection. This relative importance of
human wedlth exigts regardless of any bequest motive, but it becomes larger the higher the bequest
preferences.

A larger hedth endowment, as indicated by alower biologica risk of mortdity j(t), generdly has an
ambiguous effect on the vaue of life saving (see section 2). 1t depends, in part, on whether the leved of
J(t) per se has any systemtic effect on the productivity of saf-protection efforts. The vaue of life saving
isdirectly affected, however, by the persond level of human wedth, L(t), which is an unambiguoudy
decreasing function of mortdity risks. By thisanayss, the value of life saving, and thus expenditures on
life protection, is likely to be higher the lower the mortdity odds. Equation (4.13) aso indicates that a
higher degree of relativerisk aversion d = (1-k) unambiguoudy raises the vaue of life saving.

The incentives to buy market insurance and to provide sdf-protection are interrelated by their
responsiveness to specific parameters of the model. For example, equations (4.89) and (4.13) indicate
that an exogenous increase in wedlth raises the optima vaue of bequest and the vaue of life saving, and
thus, generally, the demand for both life insurance and salf-protection (see equation (4.6)). Anincrease
in relative bequest preferences, in contrast, increases the incentive to provide life insurance, but
decreases the incentive for salf-protection. Thus, life insurance and sdlf-protection are likely to be
complements with respect to a change in wedlth (regardless of its source) and substitutes with regard

to a change in bequest preference.
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5. TheRole of Annuitiesand Life Insurance

A frequent concern in the economic literature on insurance is the potentialy adverse effect of
insurance on sef-protection, commonly termed "mora hazard". Do actuaridly fair markets for annuities
and lifeinsurance create such a hazard in connection with life protection? Following the approach
pursued in EB (1972), the question could be answered by assessing how the introduction of complete
insurance markets affects the shadow price of the conditiond mortdity risk, or value of life saving, inits
general form, as specified in equation (4.6).

To make things comparable, assume that individuas have a bequest motive, and that dl the
parameters of the modd are invariant to the opening of insurance marketsin period O, including the
initid asts leve (i.e, Ao = Ao). Inthe absence of any insurance, equation (4.6) changesto
Vo = (1/Ja)[J- V(Ao)], while under actuarialy fair insurance markets it becomes
vi = (Vda)[d - V(B)] + B(t) — Ao(t). The difference between these two value-of-life-saving levels
can be assessed as follows:

(51) Vi - Vo =D1+ D2,
where D1° (/i) - (JJa) , and D2© [(V(Ao)dn) - Ad] - [(V(B)NV'(B)) - B'] after replacing Jia
with V'(B) in the expression for vi, based on the optimality condition for bequest in equation (4.8).

Theterm D1 in equation (5.1) is expected to be positive in Sign, essentidly because the opportunity
to trade in the market for actuaria notes enables individuas to choose optima paths of future bequest
and consumption independently of each other. Moreover, this market expands the effective wedlth
condraint a any given period from Ao(t) 3 0 (see section 2) to Ao(t) + L(t) 3 0. The resulting added
efficiency in inter-tempora resource adlocation impliesthat Dy 3 0.

The term D, summarizes two additiona outcomes: 1. A change in actua bequest level, because of

the opportunity to select an optima amount of this commodity; 2. A reduction in the opportunity cost of
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bequest (the life insurance premium) but dso in the extra return the insurer can offer on annuities,
because of thefdl in mortality risk. The drict concavity of the utility function impliesthat D- is pogtive if
Ao > B’ and negativeif Ao< B"."

A fall in actua bequest relative to accidental bequest - i.e, Ao> B, -- occurs if a person takes
advantage of the opening of insurance markets to purchase annuities aswell as, possibly, life insurance
as a subgtitute for regular savings. This outcome is possible since in the pre-insurance period,
accumulated savings serves as a means of sdf-insuring both future consumption needs and bequest.
The level of accidental bequest implied by savings may exceed the desired level of bequest, given the
ability to st it independently. The purchase of annuities diminates the inefficiency implicit in such
accidenta bequest, and in this case, asisformally proven (see fn. 15), there is an unambiguousincrease
in the vaue of life saving. The intuitive reason isthat if the optimaly chosen bequest is smdler than the
previoudy uncontrolled (accidental) bequest, the disparity between the utility levelsin the Sates "dive"
and "dead" becomes larger, and this increases the private value of life protection.

It isaso possible, however, that for people with a high bequest preference, the previoudy
accumulated amount of regular savings fdls short of the desired level of bequest they can now secure by
borrowing against their future earnings. Theinequality Ao < B’, signdling an increasein the optimdl level
of bequest, is made possible through the sdling of actuarid notes; i.e, if individuas purchase only life
insurance, but no annities.™® Utilizing the insurance system exclusively to promote the welfare of future
generdionsis expected to lower the value of one's own life saving, as our andysis of the digtinct role of
bequest preferences has shown.

What if individuas have no bequest motive before or after the introduction of fair insurance? By the
preceding andlysis, vi > vo, when Ao > B™ > 0. But by equation (5.1) the value of life saving isa

monotonicaly decreasing function of relative bequest preferences, so that when the latter approaches
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zero, vi peaks By trangtivity we conclude, therefore, that persons with no bequest motive stand to
benefit the most from the opening of insurance markets by specidizing in annuity purchasing.

Theinteregting conclusion of this andyssistha the emergence of actuaridly fair insurance markets
will necessarily raise the value of life saving, and hence the demand for life protection, aslong as
individuas teke advantage of these markets to purchase annuities aswell aslife insurance. This
generdizesthe andysis of "mord hazard" in EB (1972), where the introduction of fair insurance had a
more ambiguous effect on sdf-protection.

Furthermore, these results are independent of any specific utility function or age-earning profile, and
they may apply even under actuaridly unfair insurance terms, provided that insurance premiums are
responsive to individuals true odds of mortdity." If the price of insurance s not responsive to such
odds, inefficient salf-protection may be an inevitable outcome of insurance (cf. EB, op. cit.), but its
direction in this case will be ambiguous. Whereas the purchase of life insurance may depress investment
in life protection, that of annuities creates an incentive to increase it. Insurance companies may seek to
minimize such ingfficiencies by offering customers a package of life insurance and lifetime annuities or

pension funds.

Insurance, Life Protection, and Life Saving: Concluding Remarks

Many of this paper’ sinferences concerning the determinants of health and life expectancy are
quditatively smilar to those derived in earlier andyses where hedth investment outcomes, including
longevity, were treated as known with certainty.™® By incorporating uncertainty, self-protection, and
dternative insurance optionsin the forma anadysis, however, the present modd offers a number of
additional insghts. These include the roles of bequest preferences, attitudes toward risk, and the

availability and actuarid fairness of markets for annuities and life insurance.
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The exigtence of complete insurance markets affects not just the level of demand for protection, but
aso the relative importance of some of its previoudy recognized determinants. Under actuaridly fair
insurance, an increase in human weadlth is expected to generate a greater increase in the demand for life
protection relative to non-human wealth, even if human capita were not serving as an efficiency
parameter in hedlth production. This result is not necessarily forthcoming in aworld without insurance:
In that world, the impact of human capital would not be directly comparable to that of other forms of
wesdlth, snce opportunities to borrow againg future earnings would then be congrained by the
uncertainty regarding life' slength. The relative importance of human capitd in determining longevity
would be further exposed if it were recognized as an “engine of growth” in the context of endogenous
growth. As such, human capita (and related medica technology advances) can be expected to account
for much of the continuing growth in per-capitaincome and wedth, aswell asin life expectancy, in most
countries over the last two centuries. It also provides an explanation for the Sgnificant and persstent
inequality in life expectancy across developing and developed countries.

The existence of insurance increases the likelihood that larger health endowments (lower mortdity
risks) raise the demand for life protection. Although Table 2 indicates that their effect may be ambiguous
in the absence of insurance, even when account is taken of the impact of lower morbidity risks on
hedlthy time, equation (4.13) indicates that lower mortdity risks increase the discounted vaue of
potentia future earnings, or human wedlth. The hedthy are likely to become even hedthier by this
andyss, which may explain why femaes' life expectancy has gone up more than males' over the 20th
century, or why older age groups have been experiencing relatively larger percentage increasesin life
expectancy over time. Biologica evidence indicates that femaes hedth endowments are indeed
superior to males (see, eg., Guido, 1965), and people reaching older age are naturaly self-selected for

urvival.
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It isnot easy to identify empirica counterparts for relative bequest preferences, but one may
conjecture, following Becker et d. (1990), that the intengity of the current generation's bequest motive
(nain eguation (4.13)) is directly related to fertility, or average family sze. Since the andlysis of section
4 shows that the private value of life protection isinversdy related to one's rdative bequest preferences,
it follows that areduction in average family sze will be associated with a higher demand for life
expectancy. Onewould expect an inverse rdaionship between faling fertility rates and rising surviva
odds over time, which iswhat the empirica evidence shows for most developed countries in recent
decades. And to the extent that the declining fertility trends themselves are an endogenous outcome of
human capita accumulation (cf. Ehrlich and Lui, 1991), the differentia impact of human capital on
longevity over and above other sources of wedth (not contralling for family size) would be even more
pronounced. A higher degree of relative risk aversion isaso shown to raise unambiguoudy the
demand for life protection, which indicates a potentia association between less risky portfolio
compoasitions and longevity odds.

A unique implication of the modd is that the existence of a complete, actuarialy fair market for
actuaria notes increases the demand for life protection as long as individua's purchase both annuities
and life insurance. Moreover, the association between life insurance and life protection is expected to be
negetive, while the converse holds for annuity insurance, acquired through defined-contributions, private
pension plans, essentidly because alarger preference for bequest decreases the optimal vaue of life
saving.

Socid insurance programs, such as socid security, play a different role. To the extent that social
security were to be structured as a fully funded, defined-contributions system, it would smply smulate a
private annuities market. Under a"'pay-as-you-go" system, in contras, the effect isambiguous. On the

one hand, an unfunded, defined-benefits socid security syssem may affect adversdly ether fertility,
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human capita accumulation, or savings (and possibly al three; see Ehrlich and Lui, 1998), which would
lead to conflicting effects on the demand for life protection. On the other hand, such asystem dso
generaes areverse "mora hazard" effect snce, by design, both the insurance premiums and the
retirement benefits are not adjusted in proportion to their surviva risks. The latter feature of socid
Security creates an incentive to increase private outlays on hedlth and life protection, to enjoy the
guaranteed annuity benefits over alonger horizon.

The modd’s solutions for the optima vaues of dl the control varigbles, including consumption,
bequest, and self-protection, could be implemented empiricaly or through caibrated smulations. These
would reved the quantitative importance of individua sdf-protection in explaining both the trend and
inequaity in mortality risks and life expectancies across different population and age groups. Moreover,
the andydsin section 4 indicates the potentia of wide variagbility in vaue-of-lie-saving estimates by age,
occupdtion, education, sex, wedth, and family status. It thus provides atheoretica explanation for the
wide variahility in empirica esimates of the vaue of life saving, based on the willingness-to-pay
gpproach, which range between subgtantidly less that $1 million to substantidly over $10 million (see
Viscud, 1993). Providing additiond insights into the quantitative importance of hedth and life protection
in explaining the trend and divergty in life expectancies and vaue-of-life-saving measures may be an

important challenge for future work.
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TABLE 1

Key Variables Names

DD,T The uncertain, maxima, and expected length of life

j (), f(t) The exogenous and endogenous conditiona probability of
mortdity int given survivd to t

h(t) Amount or fraction of hedthy timeint
Z(1) Flow of consumption services

B(t), V(t) Totd bequest and its utility, respectively

u(t) Ingtantaneous utility of "qudity of life’
1(t) Flow of sdf-protective activity
M(t) Flow of medicd careinputsin the production of I(t)

m(t) Persond timeinputsin the production of 1(t)

W Totd time condraint in t exhaugting hedthy time and sck time.

E(t) Stock of education

A Stock of nonhuman assets at t

L(t) The discounted vaue of potentid future |abor income net of
sdf-protection outlays

wo(t) Market wage rate; w’(t) = wE(t)

P(t) Unit price of medica care services, M(t)

c(t) One-unit (shadow) price of I(T)

rr Market and psychological discount rates

b A shift parameter representing effort-saving technologica
innovations in equation (1.2)

d A redive risk averson parameter, d = 1-k

n(t) Utility of aone unit of capita to be bequeathed &t t
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Jt), n(d) The maximized expected utility and the expected margind utility
of wedth over the remaining life span at t

v(t), va(t) Alternative definitions of vaue of life saving a t
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TABLE 2: COMPARATIVE- STATICSPREDICTIONS

Parameter (a)

Vaiable A(t) P E w@ r@ r b®

la(yo I (hga >0 <0 >0 >0 ? >0 <0 >0

Za(t) >0 <0 >0 > <0 >0 <0 >0

Va(t) >0 3 3g® > ? >0 <0 >0
< <

T(t)© >0 <0 >0 > ? >0 <0 >0

(a) Provided that c,, @0

(b) Sincev (t) = 2cl” the sign of na(t) depends on whether the percentage changein I’ (t) is greater than the
opposite percentage change in c(t).

(c) T (t) denotes life expectancies (see text).
(d) Assuming that sgn (-Jar) = sgn (&) > O (seetext); Jar © PIFA]K).

(e) This parameter represents effort saving technological innovations which augment the effective amount of
productive time available at any given state of health. Formaly, h=h(f; p) with h, > 0.



FOOTNOTES
" Mélvin H. Baker Professor of American Enterprise and Economics, SUNY at Buffdo. This paper builds
on and extends earlier joint work with Hiroyuki Chuma (Ehrlich and Chuma 1987, 1990) who contributed
greatly to thismodd. | dsowish to thank Yong Yin for providing useful inputs to this paper; Micheel
Grossman, Martin Forster, and Joseph Newhouse for useful comments on an earlier draft; and Jean
Jacques Rosa and the Chaire d'Economie et de Gestion de la Sante, Institut d'Etudes Politiques de

Paris for sponsoring much of the work. | done am responsible for errors.

! The srrict linearity of f(t) with respect to I(t), given j(t), is assumed for computational convenience,
gnce the production function of I(t) itsalf is modeled to exhibit diminishing returnsto scde. Also, I(t) is
taken to be technicaly independent of j(t) or t in the forma analysis because the direction of any such
dependency would be ameatter of speculation. The formulation also abstracts from the possibility that
current expenditures on sdlf-protection could have lingering effects on conditiond mortaity risksin
future periods (but see footnote 18). These assumptions smplify the derivation of a dynamic path for

I (t) in the following sections. But they can be relaxed andlytically or in Smulations without loss of
generdity (see, eg., footnote 3).

? Unlike the anaysisin Ehrlich and Chuma (1990), where arestriction on aminimum level of hedlth
required for living (Hmin) was imposed to dictate afinite value for the certain life span, in thisandyss
the planning horizon is not redtricted to require aminimum leve of surviva risk. Thus, life may be
possibleaslong asp(a, b) = e > 0. The amplest assumption may bethat D = ¥. In practice, however,
D can be st a aleve where the optima vaue function JD) in equation (2.2) (the expected utility from
life) becomes virtudly invariant to the length of the planning horizon. Interestingly, smulation andyses by
Ehrlich and Yin (1998) show the age leve of D to be 105 years, based on recent data concerning
mortdity risksfor the totd US population
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® More generaly, if f(t) in equation (1.1) were written as

f(1(t)) = K)G(I (1)), with G(1) <0 and G*(1) > 0, then the margina cost of reducing f in equation (2.5)
would be given by [-2¢1]/[KG'(1)].

* The effect of achangein any exogenous parameter, a , on the optimal values of Z and | can easily be
determined using equations (2.4) and (2.5). For example, fora = A,

M MA= LKA (FI)[(Ia/D-(Iaald)]+(Unh'Iaalda®)} =(+)/(+)> 0, where

Ko (3/91) (1/dn) = 2l — (JJn) + [w + (Un/dw)]h, and therefore sgn (-K/q1) = son (- §3/91°) <0 by
the second order condition for I to maximize equation (2.3). Similarly, §Z /9A = (Jaa/Uzz) > 0,
provided that sgn (-Jaa) = sgn Ja > 0.

® Inthisanaysis mortality and morbidity risks are perceived to be technically independent of
consumption. As has been argued in the literature, Snce some consumption activities can be hazardous
to one's hedth, higher wedth may theoreticadly result in higher risks to hedth and life. The argument
ignores, however, the possibility of controlling hazardous consumption characteristics by choosing
dternative commodity brands. To the extent that hazardous and safe consumption characteristics can be
unbundled and controlled through branding or safety measures, higher wedth would be expected to
increase both, aswell aslife protection. For example, higher wedth islikely to increase the demand for
both luxury and safety components of sport utility vehicles, such as leather seets, airbags, and widetires,
let done safe driving.

® The time path of self-protection outlays under annities remains formally the same as without annities
(equation (2.6)), except that it reflects the effects of the higher annuity return r+f(t) on the value of
reducing mortality risk. Thefirg two termsin the numerator of the R.H.S. of (2.6) change to

d[(J/Ja)-Ad]/dt + (Un/da)(-h)(r-r ). The quditative effect of this change by the preceding andysisis
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to make hedlth spending rise more pronouncedly with age due to the increased incentive to defer
gpending to the future.

" Seg, in particular, the studies by Thaler and Rosen (1975), Conley (1976), Viscus (1978, 19783),
Arthur (1981), Shepard and Zeckhauser (1984), and the articlesin Jones Lee (1982). Some of these
sudies have discussed the effect of specific variables on the value of life saving, and have attempted to
link the latter with the discounted vaue of labor income. But none has developed a comprehensive
"indirect" vaue function, which accounts specificaly for the role of bequest preferences, borrowing and
saving decisons, age, components of wedlth, and insurance markets in affecting the value of amargind

reduction in mortality risk.
® Thetis, L(t) = (‘DD exp [-r(u-t)-m(t,u)] [wh(u)-cl*(u)]du. This expression represents the discounted

vaue of net potentia future labor income -- i.e., the discounted gross value of dl hedlthy time net of life
protection costs, including the opportunity costs of time spent at health preservation.

® The solution must also satisfy the stahility condition Ji(A(1), t; a) > V(B (£), 1), t<D, by whichthe
utility from living must exceed that from dying during al periods of life. Of course, by the boundary
conditions, vi =0att=D, since Ji(D)=V(B), and B = A¢(D).

1% An eaborate calibrated smulation andysis is pursued in Ehrlich and Yin (1999) whereby seif-
protection, 1" (t), and the corresponding path of mortality risks and current human wesdlth are
smultaneoudly determined with v (), Z (t), and B’ (t). These simulations produce unique and stable
dynamic solutions for equations (4.13), (4.7a), and (4.8a), aswell asfor I'(t), thus proving the vaidity
of the closed-form solutions summarized by these equations.

™ The conditions (/k)B* < (a/k)[A1+L]* and nB**= a[A1+L]*" together imply that (B/K) < (Ai+L)/K,

sothat B > (<) (ArtL) if k< (>) O.
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' |f an identical loading factor ¢ > 0 were applied to both lending and borrowing transactionsin
actuarid notes, raisng the risk premium for both from f to (1 + g)f (see equation 4.5), equation (4.12)
would remain vaid except that the functions x(u) and y(u) would become

xa(U) © (Ud) {fW)[1-(L + o)f] +r - rk} and ya(u) © 1+ (1 + ) “? fun)™® , respectively, and
equation (4.13) would becomes (4.138) Vz (1) = z(®)[Aw()+L(D)] - (1 + g)Ax(t),

wherezi(t) © [1+q] ““[n(t)/a®)] O +WK){ 1-[1+a] “O[n(tya®] "} .

By the reasoning underlying the derivation of equation (4.15), one cannot rule out in this case the
possibility that (n/k) > (alk), provided that [n(t)/a(t)]< (1+q), which guarantees the equilibrium condition
that B'(t) = {[n(t)/a®)]/(1+a)} YO[AL()+L(1)] < Aut)+L(t). In this case za(t) would be less than unity
and vo(t) could be less than L(t) if Au(t) > 0 (see equation (4.13a) above). Thisresult may be of
limited empirica vaue, however, ance the existence of transaction costs in insurance suggests that
loading factors of opposite signs should be applied to borrowing and lending transactions. No generd
solutions may be obtained under such insurance terms.

3 Although the comparative dynamic predictions below are obtained directly from equation (4.13),
which takes optima salf-protection expenditures as given, they have been confirmed through smulation
andyses that dlow a smultaneous determination of self-protection and al other control and co-dtate
variables (see footnote 10).

Y If an asset istransferable, its owner suffers asmaller utility loss from the prospect of desth the higher
is his bequest preference. Indeed, the differentialy greater impact of human relative to non-human
wesdlth on the value of life saving, as measured by z(t)/[z(t)-1] in equation (4.13), becomes even larger
the higher the person's relative bequest preferences, n(t)/a(t).

' To prove this proposition recall the familiar property of astrictly concave function thet
{IVOONV'(X)]-x} > {[VY)V'(Y)]-y} whenever x>y. Since V(X) isunique up to alinear transformation,
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onemay set V(Ap)=0 without loss of generdity. Consequently, one may subgtitute in equation (5.1)
V(Ao)/V'(Ao) = 0 for V(Ao)/da, and the concavity property of V just cited impliesthat D2 > (<) 0 as Ao
>(<)B'.

'® Defining the stock values of ordinary saving notes, actuarial notes, and lifeinsurance by S, Q, and N
respectively, one can write B'= S+N and A= Q+B'. In the present case where Aio= Ao and B > 0
by assumption, if Ao- B* >0, then Q > 0 and S+N > 0. Both annuities and life insurance may be
purchased in thiscase. But if Ao- B < 0then Q < 0and S+N > 0: To effect an increase in bequest
above initia assets a person must sdll an actuarid note to buy more regular saving notes, i.e., purchase
only aconventiond life insurance policy but no annuities,

" Assuming, asin section 3, that opposite loading terms of equal magnitude q are applied to annities
and life insurance premiums, but that premiums il reflect individuas true probabilities of mortdity (i.e,
they respond to individua sdlf-protection), equation (4.6) becomes

vi = (Uda)[d- V(B)]+(1+0)B - (1-q)Ao and equation (5.1) becomes

Vi - Vo = Dit+ Do+ q(Ao+B’), where the last term represents extra savings from a reduction in mortdlity
risk due to the presence of insurance "loading” charges. Thus, aslong as Ao > B', the vaue of life
protection increases with unfair insurance reldive to its magnitude when no insurance isavailable. Itis
less clear, however, whether unfair insurance reduces the vaue of life saving below its magnitude under
fair insurance. Actuarialy unfair insurance terms lead to a reduction in either optima bequest or
annuities (which would have opposing effects on the value of self-protection) and it lowers the efficiency
gain from insurance, rdlaive to actuaridly fair terms.

*® See, eg., Grossman, 1972, and Ehrlich and Chuma, 1990. Thisis despite the fact that sif-
protection is treated here as contributing to the flow, rather than the stock of hedlth, unlike the
referenced papers. If self-protection I(t) had alingering effect (subject to depreciation) on future
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conditional mortdity or morbidity risks, the main change in the analysis would be the shepe of the
optimal paths of I"(t) and v (t) over thelife cycle. The marginal benefits from self-protection would be
higher a any period of life. But because the impact of self-protection depreciates over time, this creates
an incentive to delay soending to later phases of the planning harizon, thus increasing the vaue of life

saving (see Ehrlich and Chuma, op. cit).
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